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Abstract

The Boundary Finite Element Method (BFEM), a novel semi-analytical boundary element procedure solely relying on
standard finite element formulations, is employed for the investigation of the orders and modes of three-dimensional stress
singularities which occur at notches and cracks in isotropic halfspaces as well as at free edges and free corners of layered
plates. After a comprehensive literature review and a concise introduction to the standard three-dimensional BFEM for-
mulation for the static analysis of general unbounded structures, we demonstrate the application of the BFEM for the
computation of the orders and modes of two-dimensional and three-dimensional stress singularities for several classes
of problems within the framework of linear elasticity. Special emphasis is placed upon the investigation of stress concen-
tration phenomena as they occur at straight free edges and at free corners of arbitrary opening angles in composite lam-
inates. In all cases, the BFEM computations agree excellently with available reference results. The required computational
effort is found to be considerably lower compared to e.g. standard Finite Element Method (FEM) computations. In the
case of free laminate corners, numerous new results on the occurring stress singularities are presented. It is found that
free-corner problems generally seem to involve a more pronounced criticality than the corresponding free-edge situations.
� 2005 Published by Elsevier Ltd.
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1. Introduction

Fiber-reinforced laminated structures under thermomechanical loading conditions (so-called laminates,
Fig. 1) may exhibit severe singular interlaminar stress concentrations in the vicinity of geometrical and/or
physical discontinuities. A well-known example of this class of elasticity problems is the classical free-edge
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Fig. 1. Laminate under thermomechanical load, potential locations for stress concentrations.
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effect (see e.g. Herakovich, 1989a; Kant and Swaminathan, 2000 or Mittelstedt and Becker, 2004a) which has
been the subject of thorough investigations especially since the pioneering work of Pipes and Pagano in 1970.
Free-edge stress fields are of a singular three-dimensional nature at the interfaces of dissimilar layers in the
vicinity of straight free edges of a laminate. Such interlaminar stress concentration phenomena are mainly
evoked by the discontinuous change of the material properties at the interfaces between two dissimilar lam-
inate layers. Being highly localized, interlaminar stresses rapidly decay until in the inner laminate regions
the assumptions of Classical Laminate Plate Theory (CLPT, see e.g. Herakovich, 1998 or Reddy, 2004)
entirely hold and only inplane stresses remain.

An exact elasticity solution for the free-edge problem is unknown. Since a thorough understanding of free-
edge stress phenomena and their appropriate analysis have a high practical importance due to the possible
onset and propagation of delaminations as a consequence of free-edge stress concentrations, there is a consid-
erable number of works available concerning the numerical treatment of such stress concentration problems as
well as on the development of approximate closed-form approaches based on various modeling conceptions.
Early numerical approaches towards the assessment of free-edge stress concentrations were performed by e.g.
Pipes and Pagano (1970), Pipes (1980), Altus et al. (1980) and Bauld et al. (1985) employing the Finite Dif-
ference Method (FDM). However, beside the application of the FDM there are also some very early works
available in which Finite Element Method (FEM) formulations were employed, see e.g. the investigations
of Isakson/Levy or Rybicki, both from 1971. Mainly, FEM approaches to free-edge effects may be subdivided
into investigations in which standard displacement based finite elements are employed as they are also com-
monly available in commercial FEM program codes (see e.g. the works of Wang and Crossman, 1977;
Whitcomb et al., 1982; Rohwer, 1982; Whitcomb and Raju, 1983; Wu, 1987; Ye, 1990; Lessard et al.,
1996; Lindemann and Becker, 2002a or Artel and Becker, in press) and such approaches where especially
adapted FEM formulations are used (see e.g. Spilker, 1980; Spilker and Chou, 1980; Wang and Yuan,
1983a,b; Gruttmann and Wagner, 1994; Robbins and Reddy, 1996; Gaudenzi et al., 1998 or Mannini and
Gaudenzi, 2003). However, beside the well known standard methodologies FDM and FEM, the employment
of other numerical approaches has been reported as well: Öry et al. (1984) have used the method of transfer
matrices whereas Davi (1996) has employed a Boundary Element Method (BEM) formulation. Furthermore,
Lindemann and Becker (2000, 2002b) have employed an especially adjusted Boundary Finite Element Method
(BFEM) formulation for the computation of free-edge stress fields. Since the BFEM is also the method of
choice for all asymptotic computations in the present paper, we will present the basics of this quite novel
method at some length in a subsequent section. Concerning approximate closed-form analysis methods for
free-edge effects, we may roughly subdivide the available investigations into such approaches which are based
on stress shape assumptions and those which employ adequate formulations for the displacement field,
wherein mixed formulations are also possible. A further classification of closed-form approaches can be iden-
tified by sorting the available publications into such investigations which employ layerwise formulations and
such approaches where formulations are used which are valid through the complete laminate thickness. Mixed
forms, however, are also possible within this classification. Displacement based approaches that employ for-
mulations through the complete laminate thickness are available with the works of e.g. Pagano (1974),
Krishna Murty and Hari Kumar (1989) and Becker (1993, 1994) while e.g. Pipes and Pagano (1974),
Hsu and Herakovich (1977), Zhu and Lam (1998) and Tahani and Nosier (2003) have applied layerwise
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displacement formulations. Puppo and Evensen (1970), Tang (1975), Pagano (1978a,b), Kassapoglou and
Lagace (1986), Rose and Herakovich (1993), Yin (1994), Kim and Atluri (1994) and Cho and Kim (2000) have
employed stress based layerwise approaches for their investigations on free-edge effects, among others.
Experimental evidence for the existence of severe free-edge stress fields and the possible hazard of interlaminar
failure modes as a result of interlaminar stress concentrations has been given by e.g. Pipes and Daniel (1971),
Whitney and Browning (1972), Herakovich et al. (1985), Herakovich (1989a,b), Kim (1989) and Whitney
(1989). Since the stress field in the vicinity of edge interfaces between dissimilar laminate layers is dominated
by a mathematical singularity, there is also a multitude of investigations available in which the asymptotical
behaviour of the state variables near free interface edges is considered. Raju and Crews (1981), Ting and Chou
(1981), Wang and Choi (1982a,b), Zwiers et al. (1982), Delale (1984), Yeh and Tadjbakhsh (1986), Stolarski
and Chiang (1989), Ding and Kumosa (1994), Gu and Belytschko (1994), Zhong (1994), Kim and Im
(1995a,b), Seweryn and Molski (1996), Li et al. (2001), Li and Recho (2002) or Li (2002) have addressed this
topic, among others.

Even though free-edge effects are fairly well understood, the occurring stress concentrations in the vicinity
of free laminate corners (so-called free-corner effect) where two free edges intersect under an arbitrary corner
angle have escaped broader attention of the scientific community so far. In the light of the overwhelming num-
ber of scientific investigations on free-edge effects which have been published throughout a time period of
more than the last 30 years this is all the more puzzling, especially since there have been early works that gave
some first hints on possibly critical free-corner stress fields: As an example, in an older numerical work Griffin
(1988) presented three-dimensional FEM results for stress fields in the vicinity of rectangular angle-ply lam-
inate corners and has shown that free-corner effects may be the cause for severe three-dimensional interlam-
inar stress fields which clearly exceed the corresponding interlaminar free-edge stress peaks. It is easy to
comprehend that analogously to the free-edge effect severe stress concentrations of a three-dimensional and
singular character also occur at free laminate corners so that the finding of answers to the question ‘‘What

exactly happens near a free laminate corner?’’ should be the topic of future investigations.
The occurrence of three-dimensional and possibly singular stress fields in the vicinity of free laminate cor-

ners has been given significant experimental evidence, e.g. in a recent work of Herrmann and Linnenbrock
(2002). Because displacements and stresses in the vicinity of a free laminate corner are dependent on all three
coordinate directions, especially the development of approximate closed-form analysis methods is a quite dif-
ficult task. In addition, this also holds true for numerical analyses, e.g. with standard FEM formulations, since
for the sufficiently accurate analysis of free-corner stress fields with involved corner singularities a high degree
of mesh refinement is necessary in the closer corner regions. This need for discretization refinements may easily
exceed available computational resources and renders this class of methods generally unsuitable for the per-
formance of optimization procedures or extensive parameter studies. Hence, it is of special interest to develop
alternative analysis methods which deliver results with acceptable accuracy yet reasonable computational
effort. Some closed-form analytical works on free-corner effects have been developed throughout the last
years. Becker et al. (1999) investigated the interlaminar stress field in the vicinity of rectangular corners of
cross-ply laminates under thermal load and assumed a layerwise stress field in the form of simple inplane expo-
nential terms and polynomials through the thickness. Free parameters in the stress representations were deter-
mined from the principle of minimum complementary energy. The method yields results with reasonable
accuracy and without significant computational effort, yet it neglects the full three-dimensional dependence
of the inplane normal stresses and is restricted to pure cross-ply layups. In order to improve this methodology,
Mittelstedt and Becker (2003a, 2004b) used an upgraded inplane stress field for laminates with arbitrary non-
orthotropic layups. Mittelstedt and Becker (2003b) introduced a simple displacement based approach for pure
rectangular cross-ply layups under thermal load by using a higher order single layer theory with trigonometric
terms through the complete laminate thickness. Furthermore, Mittelstedt and Becker (2004c,d) employed a
layerwise displacement based approach which applies a discretization of symmetric laminates with isotropic
layers and cross-ply plates into an arbitrary number of mathematical layers through the plate thickness.
Therein, the displacement field is formulated with a linear interpolation scheme through the layer thickness
and unknown functions with respect to the inplane coordinates, the latter of which are eventually determined
by the principle of minimum potential energy of the laminate. However, even though approximate analysis
methods may prove valuable for the assessment of three-dimensional fields in the vicinity of free laminate



C. Mittelstedt, W. Becker / International Journal of Solids and Structures 43 (2006) 2868–2903 2871
corners, in general such methods are not easy to derive and are usually restricted to very special cases of appli-
cation. Thus, in order to overcome this limitation some authors have also conducted numerical investigations
concerning corner problems in laminate elasticity, among them Griffin (1988), Icardi and Bertetto (1995) and
Herrmann and Linnenbrock (2002), mainly with the help of FEM formulations. Note that there is an impres-
sive number of investigations available which are concerned with the two-dimensional asymptotical behaviour
of the elastic state variables in the near field of free interface edges. However, the list of available publications
becomes significantly shorter when results are sought on three-dimensional corner stress singularities. Never-
theless, this fundamental problem has been dealt with occasionally in some more recent works. Koguchi
(1997) used a boundary element approach with quadrilateral serendipity elements and addressed the stress
state at three-dimensional vertices of joints between two dissimilar isotropic materials. Koguchi applied mesh
refinements in the interface region and determined the order of the stress singularity by a curve fitting tech-
nique. Labossiere and Dunn (2001) employed a FEM eigenanalysis method for the computation of orders
and modes of stress singularities and correlated the crack initiation at three-dimensional bimaterial interface
corners with critical values of the intensities of the occurring singular stress fields. Using an analogous FEM
eigenanalysis approach, Dimitrov et al. (2001, 2002) presented results for three-dimensional stress singularities
near free laminate corners and for several other elasticity problems involving three-dimensional stress
singularities.

The analysis of singular elasticity problems by means of purely numerical analysis tools is usually expensive
in a computational sense, hence there is a particular interest in introducing new and efficient analysis methods
like e.g. the Boundary Finite Element Method (BFEM, see e.g. Wolf and Song, 1996a or Wolf, 2003), espe-
cially when detailed information on the asymptotical behaviour of the state variables—displacements, strains
and stresses—in the vicinity of a three-dimensional free laminate corner is sought. The BFEM has been orig-
inally developed by Wolf and Song (1996a) for the numerical investigation of unbounded structures in the
framework of time-dependent soil mechanics. Since it is felt that the BFEM has not yet achieved the attention
it deserves as an efficient analysis tool also in the framework of laminate elasticity, we will give a concise sum-
mary of the general theoretical background of the BFEM for the case of a static analysis of a linear elastic

unbounded structure. The general dynamic case as well as a good number of examples of applications can
be found in full detail in the book by Wolf and Song (1996a). In the focal part of this work we will demon-
strate the efficient applicability of the BFEM to the computation of the orders and modes of the occurring
stress singularities in three-dimensional notch and crack situations as well as in the vicinity of free edges
and corners of composite laminates with arbitrary non-orthotropic lamination schemes. Therein, emphasis
will be put on the latter edge and corner situations in composite laminates for which numerous new results
are presented and for which there is still a significant backlog concerning the detailed knowledge of the asymp-
totical behaviour of the involved field quantities.

The employment of the BFEM for a good variety of analysis purposes has been reported by the original
authors in a series of papers. Song and Wolf (1995a) considered the case of two-dimensional wave propaga-
tion, and the BFEM formulation for the scalar wave equation was derived. Wolf and Song (1996b) investi-
gated three-dimensional wave propagation problems also. Two-dimensional and three-dimensional wave
propagation problems were adressed by Wolf and Song (1995) and Song and Wolf (1995b), respectively,
wherein the formulations for the compressible vector wave equation were derived. The topic of diffusion
was considered in Song and Wolf (1996). In Song and Wolf (1997), Song and Wolf (1998a) and Wolf and Song
(1998a), beside several other relevant engineering problems, examples for the computation of generalized
stress intensity factors and orders of singularities within the framework of fracture mechanics were considered.
Additionally, the derivation of the method was not mechanically based as in the foregoing works (where the
method was denoted consistent infinitesimal finite element cell method due to its derivation based on finite ele-
ment formulations) but was derived starting from the governing partial differential equations. A transforma-
tion from the cartesian coordinate system to the scaled boundary coordinates (i.e. a radial and two
circumferential coordinates) and the application of a weighted residuals technique finally yielded ordinary dif-
ferential equations in the radial direction which were solved in a closed-form analytical way. Applying this
derivation of the method and extending the paper of Song and Wolf (1997), in Wolf and Song (1998b) and
Song and Wolf (1998b) a formulation for the displacement unit-impulse response and an analytical solution
of the scaled boundary finite element equation in the frequency domain were given and several problems
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including unbounded and bounded media were solved. In Song and Wolf (1999a) the diffusion problem was
revisited. Nonvanishing body loads were incorporated into the method formulation in Song and Wolf (1999b).
Basic examples and derivations for simple wave propagation problems were given in the tutorial papers Wolf
and Song (2000) and Song and Wolf (2000). Furthermore, both possibilities of derivation of the method were
illustrated in Wolf and Song (2000). The papers of Song and Wolf (2001a) and Song and Wolf (2002) dealt
with topics of linear fracture mechanics. The possibilities of substructuring in the course of the BFEM and
the usage of domains discretized by the BFEM as superelements for subsequent analyses with the standard
FEM were also addressed. Methods for stress recovery and error estimation as well as hierarchical adaptive
h-methods for the BFEM were discussed in Deeks and Wolf (2002a,b), whereas Deeks and Wolf (2002c) also
presented a derivation of the BFEM based on virtual work. Comprehensive survey papers are available with
Song and Wolf (2001b) and Wolf and Song (2002). The BFEM has also been reported to be successfully imple-
mented for several problems in laminate elasticity, see e.g. Lindemann and Becker (2000, 2002b), Müller et al.
(in press) or Wigger and Becker (2004). The theoretical backgrounds of the BFEM for novel aspects of appli-
cation like e.g. electromagnetics have been given by Prasanna Rajan and Raju (2002a,b). The origins of the
BFEM can be traced back, e.g. to a pioneering paper by Dasgupta (1982) who presented the so-called cloning
algorithm for the determination of the dynamic stiffness matrix of an unbounded continuum. Dasgupta used
the average value of the two characteristic lengths of the two similar boundaries of the finite element cell when
formulating the similarity-based relationship and computed the dynamic stiffness matrix of the unbounded
continuum from an eigenvalue problem. Some historical notes on the development of the BFEM can also
be found in Wolf and Song (1996a) and Wolf (2003).

2. The boundary finite element method (BFEM)

2.1. Basic concept

The BFEM can be characterized as a fundamental-solution-less BEM solely based on finite elements
appropriate for the investigation of bounded as well as unbounded structures. As a prerequisite the BFEM
assumes a certain scalability of the given structure with respect to a discrete point, the so-called similarity
center S. Consider the unbounded or semi-infinite layered structure with an irregular boundary as given
in Fig. 2, left portion, and let us for the explanation of the basic concepts of the BFEM refer to a three-
dimensional structure with the boundary at the characteristic radial distance ri, measured with respect to
the similarity center S. The unbounded structure (Fig. 2, left portion), denoted as Xi, includes the boundary
Ci (also: inner or interior boundary). Let us introduce a second artificial boundary Ce (outer or exterior
boundary) at some distance from Ci and with the characteristic radial distance re (Fig. 2, right portion) mea-
sured from the similarity center S. This exterior boundary Ce is similar to the original boundary Ci in the
sense that we may describe Ce by a centric scaling of the coordinates of Ci with respect to the similarity center
S, i.e. we have re = (1 + w)ri. Herein, w is a dimensionless scaling parameter. The unbounded structure in the
range r P re bounded by Ce is denoted as Xe. The resultant space between Ci and Ce (so-called finite element
r
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Fig. 2. Principle of scalability and discretization of an infinite three-dimensional layered structure.
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cell), denoted as Xie and enclosed in the characteristic interval ri 6 r 6 re, is discretized with one single layer
of standard displacement based isoparametric finite volume elements (Fig. 2, middle portion) the nodal
arrangements of which must satisfy scalability as well, i.e. the finite elements have a linear interpolation
scheme in the radial direction and arbitrary nodal arrangements in the two circumferential directions which
nevertheless have to be identical on both boundaries (see Fig. 3 where a three-dimensional element with the
natural coordinates n, g, f and the corresponding master element for the interpolation scheme on the bound-
aries is given). Presently, the employed elements are supposed to be 16-noded volume elements with 8 nodes
on both boundaries Ci and Ce. Note that the remaining structure Xe which is bounded by the similar exterior
boundary Ce at the characteristic distance re is not discretized. Note also that straight crack faces or
interfaces between dissimilar materials passing through the similarity center do not have to be discretized
as well.

The basic and essential features of the BFEM are as follows. First, if we assemble the finite element cell Xie

and the structure Xe, the original unbounded structure Xi with the boundary Ci at the characteristic radial dis-
tance ri is recovered. Analogously, the unknown stiffness matrices of the two similar unbounded structures Xi

and Xe, respectively can be related. From assembling the unknown stiffness matrix of Xe and the stiffness
matrix of the finite element cell Xie, the unknown stiffness matrix of Xi can be determined. Since the stiffness
properties of the finite element cell Xie can be concluded from the employed discretization scheme, the stiffness
matrix of the discretized finite element cell Xie can be considered as known a priori. Second, by taking the
introduced similarity of the two unbounded structures Xi and Xe into account, a second relation between
the two unknown stiffness matrices of Xi and Xe is easily established. Hence, we postulate two relations
between the stiffness properties of Xi and Xe, one relation based on assemblage and equilibrium and the other
relation based on similarity. This will finally enable us to express the stiffness properties of Xi in terms of the
stiffness properties of the finite element cell Xie which follow from well-known and established FEM relations.
The resultant formulations will then only depend on the geometry of Ci, on the material properties of Xi and
on the employed FEM discretization of the finite element cell Xie. The employment of both relations finally
leads to an algebraic matrix Riccati equation which governs the unknown boundary stiffness matrix. This
equation can also be written in terms of an equivalent eigenvalue problem from which a system of first order
differential equations with respect to the radial direction can be derived for the displacement components. This
system of differential equations can be solved in a closed-form analytical manner. The resultant BFEM pro-
cedure is thus exact in the radial direction and in the circumferential directions converges in the FEM sense,
i.e. it relies on the employed shape functions. Hence, the BFEM uses a weak formulation in the circumferential
directions but a strong formulation with respect to the radial coordinate and it is appropriate to speak of a
method which combines specific advantages of the BEM and the standard FEM. Representations for strains
and stresses can finally be derived in a straightforward way. Since no fundamental solution is required, aniso-
tropic material behaviour can be incorporated into the formulations without principal difficulties. The reader
should note that the BFEM is a discrete version of continuous methods which have been presented in several
forms since 1961: to name some examples, let us cite, e.g. Abramov (1961) (transfer of boundary conditions),
Haskell (1964) (propagator in time harmonic elasticity), Bellman et al. (1967) (invariant embedding), Bossavit
and Fremond (1976) (frontal method), Bui (1994) (transfer matrix of operators for Cauchy problems) or
Zhong (1994) (Hamiltonian method).
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Fig. 3. Three-dimensional 16-noded volume element (left), two-dimensional master element (right).
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2.2. BFEM formulation

We will derive the array N = N(n,g,f) of shape functions of a three-dimensional 16-noded volume master
element (Fig. 3, left portion) from the array of the shape functions N = N(g,f) of the two-dimensional 8-noded
surface master element (Fig. 3, right portion) which presently reads:
Nðg; fÞ ¼ N 1ðg; fÞ N 2ðg; fÞ N 3ðg; fÞ N 4ðg; fÞ N 5ðg; fÞ N 6ðg; fÞ N 7ðg; fÞ N 8ðg; fÞð ÞT. ð1Þ
For convenience we will use a decomposed notation for N(n,g,f) using the two subarrays Ni(n,g,f) and
Ne(n,g,f) which correspond to the interior boundary Ci and the exterior boundary Ce, respectively:
Nðn; g; fÞ ¼ N iðn; g; fÞ N eðn; g; fÞð ÞT. ð2Þ
Let us introduce the radial coordinate nj with j = i, e, where ni = �1 at the interior boundary and ne = +1 at
the exterior boundary hold. We may then use a contracted notation for the array of shape functions of the
three-dimensional master element on the boundary Cj:
N jðn; g; fÞ ¼
1

2
ð1þ njnÞNðg; fÞ. ð3Þ
With respect to an arbitrary node k on the boundary Cj, the shape function Njk(n,g,f) of the full three-dimen-
sional element then reads (with j = i, e and presently k = 1,2, . . . , 8):
N jkðn; g; fÞ ¼
1

2
ð1þ njnÞNkðg; fÞ. ð4Þ
Note that this scheme of shape functions means a simple linear dependence of the displacements on the radial
coordinate. Since we refer to problems which obey similarity, we may write the cartesian coordinates xe, ye, ze

of the nodes on the exterior boundary Ce in terms of the coordinates x, y, z of the nodes on the interior bound-
ary Ci in analogy to the radial coordinate as
xe ¼ ð1þ wÞx; ye ¼ ð1þ wÞy; ze ¼ ð1þ wÞz. ð5Þ
We have omitted the index i for the interior boundary at this point since in the course of a practical application
of the BFEM only this boundary is discretized as will be shown further on. According to the isoparametric
mapping rule, the coordinates x, y, z of a point within the three-dimensional finite element can be written
in terms of the nodal coordinates of the surface elements on Ci and the employed shape functions. This even-
tually leads to the following formulations:
x ¼ 1þ w
2
ð1þ nÞ

� �
NTðg; fÞx; y ¼ 1þ w

2
ð1þ nÞ

� �
N Tðg; fÞy; z ¼ 1þ w

2
ð1þ nÞ

� �
N Tðg; fÞz. ð6Þ
The relation between the partial derivatives of the shape function of the node k on the boundary Cj in local
element coordinates n, g, f and in global coordinates x, y, z can be written by introducing the Jacobian matrix
J:
Njk;nðn; g; fÞ
Njk;gðn; g; fÞ
N jk;fðn; g; fÞ

0
B@

1
CA ¼

x;n y;n z;n
x;g y;g z;g
x;f y;f z;f

2
64

3
75

N jk;xðn; g; fÞ
N jk;yðn; g; fÞ
Njk;zðn; g; fÞ

0
B@

1
CA ¼ J

Njk;xðn; g; fÞ
N jk;yðn; g; fÞ
N jk;zðn; g; fÞ

0
B@

1
CA. ð7Þ
Therein, an index behind a comma denotes a derivative with respect to the corresponding coordinate. The
derivatives of the shape function Njk(n,g,f) of the node k on the boundary Cj in global coordinates then even-
tually can be shown to read:
Njk;xðn; g; fÞ
Njk;yðn; g; fÞ
Njk;zðn; g; fÞ

0
B@

1
CA ¼ nj

w

j11

j21

j31

0
B@

1
CANkðg; fÞ þ

1þ njn

2 1þ w
2
ð1þ nÞ

� � j12

j22

j32

0
B@

1
CAN k;gðg; fÞ þ

j13

j23

j33

0
B@

1
CANk;fðg; fÞ

2
64

3
75. ð8Þ
Therein, the components jij result by the inversion of the Jacobian matrix J and will not be given in detail
due to their lengthy nature. In the framework of a geometrically linear theory, the relation between the
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displacements and the components of the infinitesimal strain tensor is conveniently written by means of the
operator matrix Bjk for the node k on the boundary Cj:
Bjk ¼

N jk;xðn; g; fÞ 0 0

0 Njk;yðn; g; fÞ 0

0 0 Njk;zðn; g; fÞ
0 Njk;zðn; g; fÞ Njk;yðn; g; fÞ

Njk;zðn; g; fÞ 0 N jk;xðn; g; fÞ
Njk;yðn; g; fÞ N jk;xðn; g; fÞ 0

2
6666666664

3
7777777775
¼ nj

w
B1

k þ
1þ njn

2 1þ w
2
ð1þ nÞ

� �B2
k . ð9Þ
Therein, we have introduced the abbreviations
B1
k ¼

j11 0 0

0 j21 0

0 0 j31

0 j31 j21

j31 0 j11

j21 j11 0

2
666666664

3
777777775

N kðg; fÞ; B2
k ¼

j12 0 0

0 j22 0

0 0 j32

0 j32 j22

j32 0 j12

j22 j12 0

2
666666664

3
777777775

N k;gðg; fÞ þ

j13 0 0

0 j23 0

0 0 j33

0 j33 j23

j33 0 j13

j23 j13 0

2
666666664

3
777777775

N k;fðg; fÞ. ð10Þ
Note that B1
k and B2

k are not functions of n and thus are identical for both boundaries Ci and Ce. It is conve-
nient to assemble the matrices B1

k and B2
k of all ne nodes on the boundary Cj and to compile them in the matri-

ces B1 and B2 which again are not functions of n:
B1 ¼ B1
1 B1

2 � � � B1
k � � � B1

ne

� �
; B2 ¼ B2

1 B2
2 � � � B2

k � � � B2
ne

� �
. ð11Þ
The operator matrix Bj of the boundary Cj reads:
Bj ¼
nj

w
B1 þ 1þ njn

2 1þ w
2
ð1þ nÞ

� �B2. ð12Þ
This corresponds to the decomposition of the operator matrix B of the three-dimensional finite element with
respect to the two boundaries Ci and Ce, hence we have:
B ¼ Bi Be

� �
. ð13Þ
Let us now refer to the standard FEM formulation for the stiffness matrix K of a three-dimensional finite ele-
ment which requires integration over the element volume V as follows:
K ¼
Z Z Z

V
BTCBdV . ð14Þ
The symmetric matrix C contains the elastic stiffness components Cmn = Cnm of the considered material.
Hooke’s generalized law r = Ce in the case of three-dimensional on-axis orthotropy reads:
rxx

ryy

rzz

ryz

rxz

rxy

0
BBBBBBBB@

1
CCCCCCCCA
¼

C11 C12 C13 0 0 0

C21 C22 C23 0 0 0

C31 C32 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66

2
666666664

3
777777775

exx

eyy

ezz

cyz

cxz

cxy

0
BBBBBBBB@

1
CCCCCCCCA

. ð15Þ
Herein, we have assembled the normal stresses rxx, ryy, rzz and the shear stresses ryz, rxz, rxy in the one-
dimensional array r, the normal strains exx, eyy, ezz and the shear strains cyz, cxz, cxy are compiled analogously
in the one-dimensional array e. In a composite laminate the individual layers can have an arbitrary inplane
material orientation angle h with respect to the global laminate coordinates. Let us thus consider a rotation
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h of the material axes about the global z-axis, wherein the rotated �x and �y-axes remain orthogonal to each
other. The elastic stiffness components �Cmn in an off-axis system �x, �y, �z (with the rotation angle h between
the axes x and �x/y and �y) then have to be transformed from the values Cmn as given in the on-axis system.
The according transformation rules can be derived by means of elementary tensor transformations and are
given as
�C11 ¼ C11 cos4 hþ C22 sin4 hþ 2C12 cos2 h sin2 hþ 4C66 cos2 h sin2 h;

�C22 ¼ C11 sin4 hþ C22 cos4 hþ 2C12 cos2 h sin2 hþ 4C66 cos2 h sin2 h;

�C33 ¼ C33; �C44 ¼ C44 cos2 hþ C55 sin2 h; �C55 ¼ C44 sin2 hþ C55 cos2 h;

�C66 ¼ ðC11 þ C22 � 2C12Þ cos2 h sin2 hþ C66ðcos2 h� sin2 hÞ2;
�C12 ¼ ðC11 þ C22 � 4C66Þ cos2 h sin2 hþ C12ðcos4 hþ sin4 hÞ;
�C13 ¼ C13 cos2 hþ C23 sin2 h; �C23 ¼ C13 sin2 hþ C23 cos2 h;

�C16 ¼ ðC11 cos2 h� C22 sin2 hÞ cos h sin hþ ðC12 þ 2C66Þðcos h sin3 h� cos3 h sin hÞ;
�C26 ¼ ðC11 sin2 h� C22 cos2 hÞ cos h sin hþ ðC12 þ 2C66Þðcos3 h sin h� cos h sin3 hÞ;
�C36 ¼ ðC13 � C23Þ cos h sin h; �C45 ¼ ðC55 � C44Þ cos h sin h.

ð16Þ
Hooke’s generalized law in the off-axis system �x, �y, �z then becomes:
rxx

ryy

rzz

ryz

rxz

rxy

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
¼

�C11
�C12

�C13 0 0 �C16

�C21
�C22

�C23 0 0 �C26

�C31
�C32

�C33 0 0 �C36

0 0 0 �C44
�C45 0

0 0 0 �C54
�C55 0

�C61
�C62

�C63 0 0 �C66

2
666666666664

3
777777777775

exx

eyy

ezz

cyz

cxz

cxy

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

. ð17Þ
The stiffness matrix K (14) of the three-dimensional finite element is now consequently decomposed into sub-
matrices Kjl concerning the interior boundary Ci and the exterior boundary Ce as
K ¼
K ii K ie

Kei Kee

 !
; ð18Þ
i.e. with j = i, e and l = i, e we have:
Kjl ¼
Z Z Z

V
BT

j CBl dV . ð19Þ
We may transform the integration over the element volume V into an integration over the volume of the rep-
resentative master element:
Kjl ¼
Z þ1

�1

Z þ1

�1

Z þ1

�1

BT
j CBl detðJÞdndgdf. ð20Þ
In this representation for Kjl, the integration with respect to the radial coordinate n can be performed in a
closed-form analytical way since the resultant expression is a polynomial in n. Inserting the operator matrices
Bj and Bl and the Jacobian determinant det(J) yields the stiffness matrices Kjl decomposed into powers of the
infinitesimal cell width w:
Kjl ¼
1

w
K0

jl þ K1
jl þ wK2

jl ð21Þ
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with the submatrices K0
jl, K1

jl and K2
jl being defined as
K0
jl ¼ njnlE

0; K1
jl ¼ njnlE

0 þ nl

2
E1 þ nj

2
E1T

;

K2
jl ¼

njnl

3
E0 þ nl

4
þ njnl

12

� 	
E1 þ

nj

4
þ njnl

12

� 	
E1T þ 1

4
þ

njnl

12

� 	
E2.

ð22Þ
The newly introduced matrices E0, E1 and E2 are functions of the circumferential coordinates g, f only and
usually require numerical evaluation. They are independent from the radial coordinate:
E0 ¼
Z þ1

�1

Z þ1

�1

B1T

CB1 detð�JÞdgdf; E1 ¼
Z þ1

�1

Z þ1

�1

B2T

CB1 detð�JÞdgdf;

E2 ¼
Z þ1

�1

Z þ1

�1

B2T

CB2 detð�JÞdgdf.

ð23Þ
Therein, �J is a reduced Jacobian matrix which only depends on the two circumferential coordinates g, f. The
relationship between the nodal forces and the nodal displacements of the finite-element cell Xie can be written
in a decomposed notation with portions corresponding to nodes on the interior boundary Ci and the exterior
boundary Ce as
Ku ¼
K ii K ie

Kei Kee

" #
ui

ue

� 	
¼

P i

P e

� 	
¼ P . ð24Þ
Multiplying the displacements uj of the nodes on the boundary Cj with a still unknown boundary stiffness ma-
trix K1j of the adjacent structure Xj leads to the following interaction forces Rj acting on the boundary Cj:
Rj ¼ K1j uj. ð25Þ
Note that since we use the same nodal displacements on the boundary Cj of the structure Xj as well as on the
corresponding boundary Cj of the finite element cell Xie, we automatically enforce compatibility between the
finite element cell and the actual unbounded structure. Postulating equilibrium at the boundary Ci between
the structure Xi and the finite element cell Xie and at the boundary Ce between Xe and Xie yields a relation
between the forces Rj on the boundary Cj and the nodal forces Pj of the finite element cell:
P i ¼ Ri; P e ¼ �Re. ð26Þ

Having established these relations, we may eliminate the forces Rj and Pj and write the decomposed force–dis-
placement relationship (24) as
K ii K ie

Kei Kee

" #
ui

ue

� 	
¼

K1i 0

0 �K1e

" #
ui

ue

� 	
. ð27Þ
Solving the last of Eq. (27) for ue and resubstituting into the first equation of (27), the validity for arbitrary
displacements ui after some algebra leads to the following first relation between the two unknown boundary
stiffness matrices K1i and K1e which is based on assemblage and compatibility:
ðKee þ K1e ÞK�1
ie ðK1i � K iiÞ þ Kei ¼ 0. ð28Þ
Note that as we assume validity of similarity, we may write the following second relation between the two un-
known boundary stiffness matrices K1i and K1e :
K1e ¼ ð1þ wÞK1i . ð29Þ
Using the two relations (28) and (29) between the still unknown boundary stiffness matrices K1i and K1e , we
may derive the following relationship:
ðK1e þ E1ÞE0�1ðK1i þ E1TÞ � 1

w
ðK1e � K1i Þ � E2 ¼ 0. ð30Þ
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Performing the limit w! 0 which is equivalent to the limit re! ri along with the similarity based relation (29)
leads to:
ðK1 þ E1ÞE0�1ðK1 þ E1TÞ � K1 � E2 ¼ 0 ð31Þ
with K1 ¼ K1i . This expression represents the so-called consistent infinitesimal finite-element cell equation for
statics (see Wolf and Song, 1996a). The only unknown quantity is the boundary stiffness matrix K1. After
performing some algebra this relation can be rewritten:
K1E0�1K1 þ E1E0�1 � 1

2
I

� 	
K1 þ K1 E0�1E1T � 1

2
I

� 	
� E2 þ E1E0�1E1T ¼ 0. ð32Þ
This equation is the algebraic Riccati equation governing the unknown boundary stiffness matrix K1. The
quantity I is the unity matrix.

Let us now refer to the calculation of displacements, strains and stresses at an arbitrary point of the struc-
ture at some distance from the interior boundary Ci. The first equation in (27) reads:
K iiui þ K ieue ¼ K1i ui. ð33Þ
The displacements on the boundaries Ci and Ce are linked by the following relation for an infinitesimal cell
width:
ue ¼ ui þ u;rðr ¼ riÞdr. ð34Þ

Note that dr = wri holds. Thus, for (33) we may also write:
ðK ii þ K ieÞui þ K iedru;rðr ¼ riÞ ¼ K1i ui. ð35Þ
Inserting the expressions for the submatrices Kii and Kie (21) and again performing the limit w! 0 yields:
ru;r ¼ �E0�1ðK1 þ E1TÞu. ð36Þ
This is a system of linear homogeneous first order differential equations of Euler type with nonconstant coef-
ficients which governs the displacement components with respect to the radial coordinate. The index i is omit-
ted since we refer to an arbitrary radial coordinate r. The solution for K1 can be derived as follows. It can be
readily shown (Wolf and Song, 1996a) that we may formulate a corresponding eigenvalue problem to the alge-
braic matrix Riccati equation (32):
HU ¼ UK; ð37Þ
wherein:
H ¼
�E0�1E1T þ 1

2
I �E0�1

�E2 þ E1E0�1E1T E1E0�1 � 1
2
I

" #
; U ¼

U11 U12

U21 U22

" #
; K ¼

k 0

0 �k

" #
. ð38Þ
We denote k as a diagonal matrix including the eigenvalues of the problem, U includes the corresponding
eigenvectors, the matrix H is usually denoted as Hamiltonian matrix. It is agreed that the arrangement within
the matrix K is such that the real parts of the eigenvalues ki are always negative, i.e. Re(ki) < 0, with ki being
the ith occurring eigenvalue. The stiffness matrix K1 can be shown to result in the following expression:
K1 ¼ U21U
�1
11 . ð39Þ
Rewriting the first equation of the eigenvalue problem (37) with (38) gives:
�E0�1ðK1 þ E1TÞ ¼ U11kU�1
11 �

1

2
I . ð40Þ
Substituting (40) into the set of differential equations (36) yields:
ru;r ¼ U11kU�1
11 �

1

2
I

� 	
u. ð41Þ
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The solution can straightforwardly be given in the following form:
u ¼ U11diag rki�1
2

h i
c. ð42Þ
The free integration constants contained in the vector c can be determined from the boundary conditions at
the characteristic radial coordinate r0, i.e. we demand u(r = r0) = u0. The final representation for the displace-
ments can then be shown to read:
u ¼ U11diag
r
r0

� 	ki�1
2

" #
U�1

11 u0. ð43Þ
From the achieved displacement expression (43), the strains and stresses within the structure can also be de-
rived in a straightforward manner by well-known standard relations. The strains e within an arbitrary element
can be written as
e ¼ Bu ¼ Bi Be

� � ui

ue

� 	
ð44Þ
with the operator matrices Bi and Be defined in (12). Using (34), the three-dimensional strains result in:
e ¼ B1riu;rðr ¼ riÞ þ
1

2 1þ w
2
ð1þ nÞ

� �B2 2ui þ ð1þ nÞwriu;rðr ¼ riÞð Þ. ð45Þ
Performing the limit w! 0 leads to the following strain representation:
e ¼ B1ru;r þ B2u. ð46Þ
Stresses can then be derived from Hooke’s generalized law (17) with (15) and (16).
In essence, it can be concluded that after performing the limit w! 0 and solving the matrix Riccati equa-

tion, the BFEM consists of the introduction of a pattern of surface elements on the boundary Ci only, hence
reducing the spatial dimension of discretization by one. An analytical solution for the displacements with
respect to the radial coordinate can be derived whereas in the circumferential directions the method converges
in the FEM sense. The solution incorporates singular stresses in a natural way due to the power law form of
(43) with respect to the similarity/singularity center S. Hence, the BFEM can be used efficiently in particular
for the investigation of stress singularities for several classes of elasticity problems.

The BFEM involves the solution of an eigenvalue problem which is not the case in the FEM or the BEM.
Indeed, this costs some numerical effort. The reader should note, however, that in the case of stress concentra-
tion problems involving stress singularities the solution of the occurring eigenvalue problem delivers the orders
of the stress singularities with high accuracy straight from their actual definition, hence the BFEM should serve
us well for the scope of the present paper, i.e. the computation of the orders and modes of three-dimensional
stress singularities at vertices of notches and cracks and in particular at interfaces at free laminate edges and
corners. This is all the more gratifying since it is well-known that e.g. in standard displacement based FEM pro-
cedures the calculation of the orders of stress singularities is computationally expensive due to the necessary high
number of elements in the vicinity of the singularity center or the necessity of special element formulations in
order to incorporate singular stress behaviour. Further note that in the course of the BFEM, straight crack faces
or interfaces between dissimilar materials passing through the similarity center do not need to be discretized.

The BFEM is also suited for the analysis of bounded structures. The derivation of the corresponding equa-
tions differs only slightly from that of the unbounded case. Details can be found in e.g. Wolf and Song (1996a).
Furthermore, the BFEM of course also allows for the treatment of two-dimensional problems in which cases
the formulations simplify significantly. The BFEM discretizations then consist of line elements.

3. Results for the orders and modes of stress singularities

3.1. Prerequisites

Before we address three-dimensional free-corner and free-edge stress singularities, let us test the BFEM for-
mulation against several known closed-form analytical or well established numerical benchmark solutions in
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the framework of three-dimensional linear elasticity. Employing a spherical coordinate system r, u1, u2 (see
for example Fig. 6) let us assume that any of the displacement components in the vicinity of a singular point
in three-dimensional space can be described by an infinite series expansion in a variable separable form which
then also holds true for the occurring stress components:
uiðr;u1;u2; kÞ ¼
Xm¼1
m¼1

Kmrkm gimðu1;u2Þ; ð47Þ

rijðr;u1;u2; kÞ ¼
Xm¼1
m¼1

Kmrkm�1fijmðu1;u2Þ. ð48Þ
In the radial direction r a behaviour of the state variables in the form of a power law is assumed to hold
whereas the angular variations are described by the functions gim(u1,u2) and fijm(u1,u2). We denote the gen-
eralized stress intensity factors as Km, the quantities km are eigenvalues that may be either real or complex.
When Re(km) < 1, the stresses grow without bound for r! 0. For reasons of finite strain energy as well as
of finite displacements, we are only interested in the eigenvalues that fulfill the condition 0 < Re(km) < 1.
The real part Re(km) � 1 of the exponent of the stress representation (48) is then interpreted as the order
of the stress singularity. In the case of complex eigenvalues the order of the stress singularity is characterized
by both the real part Re(km) � 1 and the imaginary part Im(km). Due to the power law form of the BFEM
solution (43) we may directly interpret the numerical results of the eigenvalue problem as the desired eigen-
values of the fracture problems at hand.

3.2. Two-dimensional benchmark examples

3.2.1. A crack in a two-dimensional infinite isotropic plate (Griffith crack)

The situation of a straight crack with the length 2a in a two-dimensional infinite isotropic plate with unit
thickness (Fig. 4) is a classical problem within the framework of linear fracture mechanics which allows for a
closed-form analytical solution. Employing a polar coordinate system r, u centered at the crack tip and writing
the two-dimensional stress field in the array form r ¼ ð rxx ryy rxy ÞT while assuming only inplane loads, the
asymptotic behaviour of the stress field in this special case is known to be of the following kind:
rðr;u; kI; kIIÞ ¼ KIrkI f IðuÞ þ KIIrkII f IIðuÞ ð49Þ
The quantities KI and KII are the stress intensity factors for mode I and mode II crack opening displacements
and are available for a good number of benchmark cases. The angular variations of the stress field for both
modes are described by the functions f I

xxðuÞ, f I
yyðuÞ, f I

xyðuÞ and f II
xx ðuÞ, f II

yy ðuÞ, f II
xy ðuÞ, respectively, which are

assembled in the one-dimensional arrays fI(u) and fII(u). The exponents kI and kII which characterize the order
of the occurring stress singularities are known to be purely real and result in the classical values kI = �0.5 and
kII = �0.5 for both modes.
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Fig. 4. Griffith crack in an infinite plate, BFEM discretization.



Table 1
Two-dimensional stress singularities at the apex of a Griffith crack

Symmetric mode (mode I) Unsymmetric mode (mode II)

Exact solution �0.500000 �0.500000

BFEM model 1, 6 dof �0.528763 �0.444275
BFEM model 2, 10 dof �0.497345 �0.495476
BFEM model 3, 18 dof �0.499735 �0.499530
BFEM model 4, 34 dof �0.499981 �0.499966
BFEM model 5, 66 dof �0.499999 �0.499998
BFEM model 6, 130 dof �0.500000 �0.500000
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The employed BFEM discretization scheme for the vicinity of the Griffith crack is depicted in Fig. 4, right
portion, wherein we have taken advantage of the symmetry of the situation: Instead of discretizing the com-
plete boundary, i.e. the unit circle segment C enclosed in �180� 6 u 6 180� at r = 1 (Fig. 4, upper right por-
tion, full BFEM mesh), only the upper half y P 0 of the cracked plate has been considered and the
corresponding segment of C enclosed in 0 6 u 6 180� at r = 1 has been discretized by 3-noded line elements
(Fig. 4, lower right portion, reduced BFEM mesh). The BFEM node at x = 1, y = 0 in the symmetry plane is
then restricted as follows: For mode I crack opening displacements, we have applied the displacement restric-
tion uy = 0, whereas for mode II crack openings the restriction ux = 0 has been applied at this node. The eigen-
values kI and kII according to the BFEM analysis for several discretization stages are compared to the exact
values in Table 1. We have computed the eigenvalues kI and kII for BFEM model 1 (1 line element, 3 nodes, 6
degrees of freedom (dof)), BFEM model 2 (2 line elements, 5 nodes, 10 dof), BFEM model 3 (4 line elements, 9
nodes, 18 dof), BFEM model 4 (8 line elements, 17 nodes, 34 dof), BFEM model 5 (16 line elements, 33 nodes,
66 dof) and BFEM model 6 (32 line elements, 65 nodes, 130 dof). Note that since we are only interested in the
near field behaviour of the stresses, no boundary conditions were imposed on the boundary C. This will also be
the case for all further two and three-dimensional benchmark examples. The results given in Table 1 reveal
that BFEM model 1 with only one single element is too coarse to yield accurate results for the eigenvalues
kI and kII (the encountered errors result in 5.75% and 11.15% for kI and kII, respectively), however by BFEM
model 2 with only 2 line elements the error is already well below 1% for both deformation modes which is an
overall satisfying yet astonishing result since this means insignificant numerical effort in comparison with full
scale FEM computations of comparable accuracy. The results of all further BFEM models show that the con-
vergence behaviour is stable and with BFEM model 6 the exact result is achieved with an accuracy of 6 digits.
Note that since we did not apply any boundary conditions on the unit circle segment C all computations led to
three further eigenvalues which describe the two transitional degrees of freedom of the BFEM mesh in the x

and the y-direction, as well as the rotational degree of freedom in the xy-plane.

3.2.2. Straight free interface edge in a laminate consisting of isotropic layers

The situation of free-edge effects in the vicinity of a straight free interface edge between two dissimilar iso-
tropic layer materials (Fig. 5, left portion) can be treated as a quasi two-dimensional problem and a BFEM
discretization with 3-noded line elements in the interval �90� 6 u 6 90� at r = 1 (Fig. 5, right portion) is
appropriate. Note that the interface at y = 0 is not discretized. The orders of the occurring stress singularities
have been determined in a closed-form analytical manner by e.g. Müller et al. (2002) by the method of com-
plex potentials. In this rather general structural situation we may write the asymptotic behaviour of the two-
dimensional stress field in the vicinity of the free interface edge as an infinite series as
rðr;u; kÞ ¼
Xm¼1
m¼1

Kmrkm�1f mðuÞ. ð50Þ
While the material of layer 2 was assumed as steel with the elastic constants E2 = 210000 MPa and m2 = 0.3,
the modulus of elasticity E1 of layer 1 was varied wherein the values E1 = 160000 MPa, E1 = 120000 MPa,
E1 = 75000 MPa, E1 = 50000 MPa and E1 = 2100 MPa were considered. The Poisson’s ratio m1 was kept
invariable as m1 = 0.3.
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Fig. 5. Free Interface edge in an infinite layered structure with isotropic layer materials, BFEM discretization.

Table 2
Two-dimensional stress singularities at the free interface edge of a laminate consisting of two dissimilar isotropic layers with m1 = m2 = 0.3,
E2 = 210000 MPa and a varying E1

Modulus of elasticity E1 [MPa] 160000 120000 75000 50000 2100

Müller et al. (2002) �0.006295 �0.025089 �0.072197 �0.117507 �0.278034

BFEM model 1, 10 dof �0.006460 �0.025854 �0.074972 �0.122581 �0.290476
BFEM model 2, 18 dof �0.006258 �0.024975 �0.072057 �0.117493 �0.278852
BFEM model 3, 34 dof �0.006293 �0.025081 �0.072186 �0.117504 �0.278087
BFEM model 4, 66 dof �0.006295 �0.025089 �0.072196 �0.117506 �0.278037
BFEM model 5, 130 dof �0.006295 �0.025089 �0.072197 �0.117507 �0.278034
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We have employed five different BFEM models for this case which are BFEM model 1 (2 line elements, 5
nodes, 10 dof), BFEM model 2 (4 line elements, 9 nodes, 18 dof), BFEM model 3 (8 line elements, 17 nodes, 34
dof), BFEM model 4 (16 line elements, 33 nodes, 66 dof) and BFEM model 5 (32 line elements, 65 nodes, 130
dof). The eigenvalues as found by the BFEM for several discretization schemes are compared to the exact val-
ues of Müller et al. (2002) in Table 2. In all considered cases there occurred only one relevant eigenvalue which
was furthermore always found to be purely real. Note that the results as generated by BFEM model 1 are
already within an astonishing degree of accuracy in all cases. Again, the BFEM shows a stable convergence
behaviour towards the exact analytical solution and with BFEM model 5 the exact result is found again with
an accuracy of 6 digits.

3.3. Three-dimensional benchmark examples

3.3.1. 3D stress singularities at the apex of a circular cone
The situation of a conical cone consisting of isotropic material with Young’s modulus E and Poisson’s ratio m

has been adressed analytically by Bazant and Keer (1974). The cone fills the space r, 0 6 u1 6 c, 0 6 u2 6 360�
(Fig. 6) and is considered under two different sets of boundary conditions on the cone boundary CC, namely (i)
homogeneous stress boundary conditions on CC and (ii) homogeneous displacement boundary conditions on
CC. The first set of boundary conditions corresponds to a free cone whereas the second set describes a rigidly
clamped cone and is thus to be regarded as a composite structure with a severe mismatch of material properties.
At the cone apex x = y = z = 0 a stress singularity is expected to occur. In the present case no local BFEM mesh
refinement is necessary since no singular points are to be discretized. Hence, the applied boundary discretization
of the unit sphere segment C at r = 1 with 8-noded surface elements with the similarity center placed at the sin-
gular point has been chosen such that a regular meshing scheme with quadrangular element shapes results. For
the case of a free cone with c = 120� we have computed the orders Re(km) � 1 of the stress singularities for the
Poisson’s ratios m = 0.0, m = 0.1, m = 0.2 and m = 0.3 with three different BFEM meshes (see Fig. 7), namely with
BFEM model 1 (12 surface elements, 45 nodes, 135 dof), BFEM model 2 (48 surface elements, 161 nodes, 483
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Fig. 7. BFEM meshes for a conical cone with c = 120�.
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dof) and BFEM model 3 (192 surface elements, 609 nodes, 1827 dof). The results for Re(km) � 1 which were all
found to be purely real are given in Table 3. It is observed that even with the lowest mesh density the BFEM
results match with the solution of Bazant and Keer (1974) up to at least two significant digits. For all further
computations we have used model 2 or similar meshes.

As in Bazant and Keer (1974) we have investigated several cone angles c with c = 91.8�, c = 105�, c = 120�,
c = 135�, c = 150� and c = 165� and computed the orders Re(km) � 1 of the occurring stress singularities for
several Poisson’s ratios of the cone material. Results for Re(km) � 1 for the free cone as well as for the rigid
inclusion are given in Fig. 8. For all geometry, material data and boundary conditions considered, the
Table 3
Three-dimensional stress singularities at the apex of a free conical cone in an isotropic halfspace with c = 120� and m = 0.0, m = 0.1, m = 0.2
and m = 0.3

Poisson’s ratio m 0.0 0.1 0.2 0.3

Bazant and Keer (1974) �0.1666 �0.1928 �0.2219 �0.2544

BFEM model 1, 135 dof �0.1661 �0.1921 �0.2208 �0.2524
BFEM model 2, 483 dof �0.1665 �0.1927 �0.2218 �0.2541
BFEM model 3, 1827 dof �0.1666 �0.1928 �0.2219 �0.2543
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Fig. 8. Three-dimensional stress singularities at the apex of an isotropic cone (left portion) and of a rigid inclusion in an isotropic space
(right portion) with varying opening angle c and Poisson’s ratio m.
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comparison between the BFEM computations and the results of Bazant and Keer (1974) reveals excellent
agreement and in all cases leads to purely real eigenvalues. Further eigenvalues that were detected by the
BFEM but were not reported by Bazant and Keer (1974) will not be discussed here for brevity. Since no
boundary conditions were formulated concerning the unit circle segment C, all computations led to six further
eigenvalues, three of which describing the three-dimensional transitional degrees of freedom of the BFEM
mesh in all three coordinate directions, as well as three eigenvalues corresponding to the three-dimensional
rotational degrees of freedom with respect to all three coordinate axes. Note that these six additional eigen-
values also occurred in the course of all other subsequent three-dimensional BFEM computations as well.

3.3.2. 3D stress singularities at the vertex of a surface breaking crack in an isotropic halfspace

The problem of a surface breaking crack in an isotropic halfspace with the crack front perpendicular to the
free surface (Fig. 9), where at the crack vertex x = y = z = 0 a stress singularity occurs, has been addressed by
a good number of authors. Benthem (1977) computed the orders and modes of the occurring crack stress sin-
gularities for different Poisson’s ratios by solving a three-dimensional determinantial equation that resulted
from the application of Boussinesq–Papkovich–Neuber stress functions in the form of a harmonic represen-
tation after utilizing a technique using a separational form of the solution. The finite difference method was
utilized by Benthem (1980). Among others, Bazant and Estenssoro (1979), Yamada and Okumara (1981),
Somaratna and Ting (1986) and Picu and Gupta (1997) presented numerical results by employing a FEM
eigenanalysis technique. Barsoum (1990) used the so-called finite element iterative method. The cracked solid
is located in the interval r, 0 6 u1 6 90�, 0 6 u2 6 360�, the stress free crack surfaces are found in the ranges r,
0 6 u1 6 90�, u2 = 0 and r, 0 6 u1 6 90�, u2 = 360�. With the presently chosen coordinates, the crack front
coincides with the positive z-axis, the area at z = 0 is the stress free surface of the halfspace.

In order to gain an insight into the required discretization strategy, in a first computation we have used a
regular BFEM mesh with 8-noded quadrangular surface elements on the unit sphere C at r = 1 and have used
the symmetry conditions of the given situation: for symmetric deformation modes we have prescribed uy = 0
on the symmetry line CS, whereas for unsymmetric deformation modes we have set ux = uz = 0 on CS. Hence,
only one half of the crack situation had to be discretized, e.g. the half enclosed in r, 0 6 u1 6 90�,
0 6 u2 6 180�. As a first step the Poisson’s ratio of the isotropic material of the halfspace was set to m = 0.
The dominating orders of the stress singularities Re(km) � 1 in both the symmetric and the unsymmetric defor-
mation case are known to be purely real with exactly Re(km) � 1 = �0.5 (see also e.g. Bazant and Estenssoro,
1979). We have used five different regular BFEM meshes wherein the similarity center of the BFEM discret-
ization coincided with the origin of the coordinate system (see Fig. 10), namely BFEM model 1 (6 surface
elements, 27 nodes, 81 dof), BFEM model 2 (24 surface elements, 89 nodes, 267 dof), BFEM model 3 (54
surface elements, 187 nodes, 561 dof), BFEM model 4 (96 surface elements, 321 nodes, 963 dof) and BFEM
model 5 (150 surface elements, 491 nodes, 1473 dof). Table 4 shows the BFEM results for Re(km) � 1 as com-
puted by the five different BFEM models. Secondly, we have discretized the unit sphere C at r = 1 employing a
mesh refinement around the point x = 0, y = 0, z = 1 where the crack front meets the discretized surface C and
used four different BFEM models, namely BFEM model 1 (14 surface elements, 55 nodes, 165 dof), BFEM
model 2 (56 surface elements, 193 nodes, 579 dof), BFEM model 3 (126 surface elements, 415 nodes, 1245
dof) and BFEM model 4 (224 surface elements, 721 nodes, 2163 dof). The results for Re(km) � 1 are given
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Fig. 9. Surface breaking crack in a halfspace.



Fig. 10. BFEM meshes for a surface breaking crack in a halfspace, regular meshes.

Table 4
Three-dimensional stress singularities at the vertex of a surface breaking crack in an isotropic halfspace with m = 0.0, application of regular
BFEM meshes

Symmetric mode Unsymmetric mode

Bazant and Estenssoro (1979) �0.5000 �0.5000

BFEM model 1, 81 dof �0.4765 �0.4620
BFEM model 2, 267 dof �0.4910 �0.4839
BFEM model 3, 561 dof �0.4940 �0.4896
BFEM model 4, 963 dof �0.4955 �0.4923
BFEM model 5, 1473 dof �0.4964 �0.4938

Table 5
Three-dimensional stress singularities at the vertex of a surface breaking crack in an isotropic halfspace with m = 0.0, application of refined
BFEM meshes

Symmetric mode Unsymmetric mode

Bazant and Estenssoro (1979) �0.5000 �0.5000

BFEM model 1, 165 dof �0.5017 �0.5009
BFEM model 2, 579 dof �0.5000 �0.4994
BFEM model 3, 1245 dof �0.5000 �0.4995
BFEM model 4, 2163 dof �0.5000 �0.4998
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in Table 5, the employed refined BFEM meshes are shown in Fig. 11. In all, it can be stated that the BFEM
converges towards the exact solution in both cases of applied meshing schemes. It becomes obvious, however,
that simple local mesh refinements at points where the BFEM discretization intersects with the crack front
(which is indeed a singular line) ensure a much faster convergence of the results and a better accuracy with
significantly less computational effort: the procentual error in the achieved results for Re(km) � 1 for both
deformation cases is lesser for the coarsest BFEM mesh with local refinements (with 165 dof) than for the fin-
est regular mesh (with 1473 dof) which proves the efficiency of such local mesh refinements. It should be noted,
however, that concering the necessity of mesh refinements around singular structural points which intersect
with surface discretizations, conflictive opinions can be found in the literature: While e.g. Bazant and Estenss-
oro (1979) and Somaratna and Ting (1986) claim that uniform meshing schemes are as efficient as locally
refined meshes, the overwhelming majority of authors involved with FEM eigenanalyses has employed local
mesh refinements with good success which is also in accord with our observations.

Beside the presented convergence characteristics, the results of Table 5 show that the present BFEM
computations are in excellent agreement with the exact solution which lends credibility to the BFEM even
in three-dimensional cases where singular lines intersect with the surface discretization on C. For all further
computations we have used the refined BFEM model 4 with which we were able to reproduce the results
of e.g. Somaratna and Ting (1986) for varying Poisson’s ratios m with high accuracy (see Fig. 12). For
brevity we do not present any results for the occurring lower orders of stress singularities. Furthermore,



Fig. 11. BFEM meshes for a surface breaking crack in a halfspace, meshes with local refinements.
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Fig. 12. Three-dimensional stress singularities at the vertex of a surface breaking crack in an isotropic halfspace with varying Poisson’s
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Table 6
Three-dimensional stress singularities at the vertex of a surface breaking crack in an isotropic halfspace with varying Poisson’s ratio m,
comparison of the BFEM results with reference results for symmetric deformation modes

Poisson’s ratio m 0.00 0.10 0.15 0.30 0.40 0.45 0.48

BFEM present �0.5000 �0.4902 �0.4834 �0.4516 �0.4115 �0.3780 �0.3461

Benthem (1977) �0.5000 – �0.4836 �0.4523 �0.4132 – –
Bazant and Estenssoro (1979) �0.5000 – �0.4836 �0.4523 �0.4132 �0.3821 �0.3525
Yamada and Okumara (1981) �0.4985 – – �0.4501 �0.4107 – –
Somaratna and Ting (1986) �0.4997 �0.4901 �0.4834 �0.4522 �0.4131 – –
Barsoum (1990) �0.5020 – �0.4867 �0.4557 �0.4162 – �0.3568
Picu and Gupta (1997) �0.499 �0.490 – �0.452 �0.412 – –

Table 7
Three-dimensional stress singularities at the vertex of a surface breaking crack in an isotropic halfspace with varying Poisson’s ratio m,
comparison of the BFEM results with reference results for unsymmetric deformation modes

Poisson’s ratio m 0.00 0.10 0.15 0.30 0.40

BFEM present �0.4998 �0.5488 �0.5664 �0.6069 �0.6281

Bazant and Estenssoro (1979) �0.500 �0.548 �0.565 �0.598 �0.604
Benthem (1980) �0.5000 – �0.5668 �0.6073 �0.6286
Somaratna and Ting (1986) �0.5017 �0.5508 �0.5685 �0.6089 �0.6299
Picu and Gupta (1997) �0.502 �0.551 – �0.609 �0.630

2886 C. Mittelstedt, W. Becker / International Journal of Solids and Structures 43 (2006) 2868–2903
Tables 6 and 7 show a comparison of the present BFEM results with some of the available results of other
authors for several discrete values of the Poisson’s ratio m of the halfspace material. In all cases, a good con-
formity between the present BFEM and the reference results up to at least two significant digits is found.
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The choice of 8-noded elements seems to be an advantageous decision compared to the application of ele-
ments with lower order shape functions. As an example, we may cite the pioneering and essential work of
Bazant and Estenssoro (1979) who investigated the asymptotic behaviour of the solutions for three-dimen-
sional crack problems by employing a FEM eigenanalysis technique with a finite element surface discretiza-
tion. Bazant and Estenssoro (1979) were confronted with slow convergence characteristics when applying
4-noded surface elements so that they had to resort to an extrapolation technique in order to achieve suffi-
ciently accurate results. Hence, a good number of other authors who also used an identical eigenfunction
expansion approach inspired by Bazant and Estenssoro (1979) frequently applied finite elements with higher
order shape functions, among them, e.g. Somaratna and Ting (1986) or Picu and Gupta (1997) who applied a
surface discretization with 8-noded elements, or Labossiere and Dunn (2001) and Dimitrov et al. (2001, 2002)
who employed 6-noded triangular elements.

3.3.3. 3D stress singularities at the vertex of a surface breaking interface crack between an isotropic halfspace and

a rigid substrate

Consider the situation of a straight surface breaking interface crack between an isotropic halfspace and a
rigid substrate with the crack front perpendicular to the free surface of the structure. Beside the structural dis-
continuity introduced by the crack this situation will yield severe stress singularities since this problem
describes a composite structure with a serious mismatch in the elastic material parameters. Assuming that
the rigid material is found in the interval r, 0 6 u1 6 90�, 180� 6 u2 6 360�, we may simulate the interface
crack situation by restricting the displacements on CS (Fig. 9) as ux = uy = uz = 0 and by discretizing only
the half of the unit sphere section C at r = 1 enclosed in 0 6 u1 6 90�, 0 6 u2 6 180�. The BFEM results
for a varying Poisson’s ratio m match those of Barsoum (1990) generated by the FEM iterative method very
closely (Fig. 13). In the approximate range of about 0 6 m 6 0.20 the dominating eigenvalue is complex. For
values of approximately m > 0.2 this eigenvalue splits into two separate real eigenvalues. Hence, we have an
additional logarithmic stress singularity at the bifurcation point. An additional real eigenvalue of lower power
appears in the range of approximately 0 6 m 6 0.24.

3.4. Three-dimensional stress singularities in laminate elasticity: free-edge and free-corner effects

3.4.1. Prerequisites

In the present contribution the main emphasis is put on the computation of the orders of stress singularities,
characterized by Re(km) � 1 and Im(km), and the corresponding eigenmodes in the vicinity of the interface
between two dissimilar laminate layers near free edges and corners (see Fig. 14) of laminated plates. Generally
speaking, those real parts Re(km) � 1 of the problem eigenvalues which induce stress singularities and which
possess high absolute values jRe(km) � 1j are often rated as indicators for a ‘‘critical’’ structural situation
whereas stress singularities with lower values of jRe(km) � 1j are often understood as being aligned with a les-
ser ‘‘criticality’’. However, even though correspondent statements can be found in a good number of scientific
works, the assessment of the potential criticality of a structural situation with involved stress singularities
in terms of the eigenvalues km is somewhat nebulous since an actual conclusive estimation requires the
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employment of adequate fracture criteria, for example by taking into account the corresponding generalized
stress intensity factors. This, however, is well beyond the scope of the present work and must be deferred to
future investigations, nevertheless the in-depth study of the problem eigenvalues which describe the orders
of the occurring stress singularities is of fundamental interest since these reveal basic characteristics of the
asymptotic behaviour of the near field state variables at free edges and corners of composite laminates and
enable a first rudimentary assessment of the structural criticality as described above.

Let us investigate the asymptotic behaviour of the state variables in the vicinity of arbitrary bimaterial
interface corners with the opening angle c at the corner tip x = y = z = 0 (Fig. 14). From this general corner
geometry the special case of a straight free interface edge (i.e. the geometry in which the stress fields are com-
monly referred to as free-edge effects) can be generated by setting the corner angle to c = 180�. The vicinity of
the laminate corner is described by the coordinate ranges r, 0 6 u1 6 180�, 0 6 u2 6 c wherein the intervals r,
0 6 u1 6 180�, u2 = 0 and r, 0 6 u1 6 180�, u2 = c describe the traction free laminate edges which form the
corner geometry. The corner interface involves two layers, namely layer 1 enclosed in the region r,
0 6 u1 6 90�, 0 6 u2 6 c and layer 2 which is found in the interval r, 90� 6 u1 6 180�, 0 6 u2 6 c. If the layer
materials are taken to be orthotropic, the orientation angles h1 and h2 measured from the x-axis describe the
layerwise principal material directions in the xy-plane so that as the most general laminate case we consider a
[h1/h2]-interface. The interface between the two adjacent layers coincides with the xy-plane at z = 0. Analo-
gously to the preceding benchmark examples, the surface C of the unit sphere section at r = 1 has been dis-
cretized with 8-noded quadrangular surface elements. Note that the similarity center of the BFEM
discretization again coincides with the singular corner tip point at x = y = z = 0 so that the BFEM displace-
ment solution (43) yields the desired orders of the stress singularities characterized by Re(km) � 1 and Im(km)
in a straightforward way. Again, since we are only interested in the eigenvalues and eigenmodes of the dis-
placements and stresses in the near field of the interface corner point, no boundary conditions are imposed
on C.

3.4.2. 3D stress singularities at rectangular interface corners of laminates with isotropic layers

Let us consider straight free edges (c = 180�) and rectangular corners (c = 90�) of laminates consisting of
purely isotropic layers. The linear elastic material behaviour of layer 1 is assumed to be described by the mod-
ulus of elasticity E1 and the Poisson’s ratio m1 while layer 2 has the elastic properties E2 and m2. For both the
edge and the corner geometry, advantage can be taken of the symmetry properties of the given situation by
only considering the half enclosed in the interval r, 0 6 u1 6 180�, 0 6 u2 6

c
2
. For symmetric deformation

modes, zero displacements uy = 0 can then be prescribed on the symmetry line CS at r = 1, 0 6 u1 6 180�,
u2 ¼ c

2
, whereas for unsymmetric deformation modes the constraints ux = uz = 0 on CS hold. Since the open

literature does not contain any information on the convergence properties of FEM techniques employing sur-
face discretizations in the present situation of interface corners, for comparison purposes we have considered
rectangular corners with c = 90� and again employed surface meshes on the unit sphere section C with regular
element schemes. Furthermore we have calculated the orders of the stress singularities generated by BFEM
meshes with local refinements in the vicinity of the two points r = 1, u1 = 90�, u2 = 0 and r = 1, u1 = 90�,
u2 = c where the two free-edge interfaces intersect with the BFEM discretization. The locally refined meshes



Fig. 15. BFEM meshes for a free rectangular laminate interface corner with isotropic layers, application of locally refined half models,
consideration of symmetry properties.
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are depicted in Fig. 15. We have employed 6 regular meshes in all, namely BFEM mesh 1 (6 elements, 27
nodes, 81 dof), BFEM mesh 2 (24 elements, 89 nodes, 267 dof), BFEM mesh 3 (54 elements, 187 nodes,
561 dof), BFEM mesh 4 (96 elements, 321 nodes, 963 dof), BFEM mesh 5 (150 elements, 491 nodes, 1473
dof) and BFEM mesh 6 (294 elements, 939 nodes, 2817 dof), and 4 BFEM meshes with local refinements
in the vicinity of the interface edge points, namely refined BFEM mesh 1 (14 elements, 55 nodes, 165 dof),
refined BFEM mesh 2 (56 elements, 193 nodes, 579 dof), refined BFEM mesh 3 (126 elements, 415 nodes,
1245 dof) and refined BFEM mesh 4 (224 elements, 721 nodes, 2163 dof). Note that in the case of the regular
meshes we did not take advantage of the symmetry properties which, however, has been done for the locally
refined meshes. The results for aluminium and epoxy corners with the elastic properties E1 = 70000 MPa,
m1 = 0.33, E2 = 2980 MPa, m2 = 0.38 are given in Tables 8 and 9 for the regular and the refined BFEM meshes
Table 8
Three-dimensional stress singularities at the tip of a free rectangular corner of a laminate consisting of isotropic layers, layer 1: aluminium,
layer 2: epoxy, application of regular BFEM meshes

BFEM model 1, 81 dof �0.3495
BFEM model 2, 267 dof �0.3561
BFEM model 3, 561 dof �0.3572
BFEM model 4, 963 dof �0.3576
BFEM model 5, 1473 dof �0.3578
BFEM model 6, 2817 dof �0.3580



Table 9
Three-dimensional stress singularities at the tip of a free rectangular corner of a laminate consisting of isotropic layers, layer 1: aluminium,
layer 2: epoxy, application of refined BFEM meshes

BFEM model 1, 165 dof �0.3571
BFEM model 2, 579 dof �0.3584
BFEM model 3, 1245 dof �0.3584
BFEM model 4, 2163 dof �0.3584
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in the case of symmetric deformation modes. The results again reveal that the utilization of uniform meshing
schemes on C leads to quite slow convergence rates. On the other hand, however, it is observed that by the
application of the refined BFEM meshes convergent results are already achieved with the refined BFEM mesh
2, thus again indicating the efficiency of the BFEM when simple local mesh refinements are applied. Note that
for the present corner interface the consideration of unsymmetric deformation modes did not lead to any stress
singularities. For all subsequent computations on free-edge and free-corner singularities in layered structures
with isotropic layers we have employed the refined BFEM mesh 3 with 1245 degrees of freedom under con-
sideration of the symmetry properties of the corner situation.

For the present situation of a three-dimensional rectangular bimaterial joint it is of basic interest to inves-
tigate the influence of the elastic layer properties on the orders Re(km) � 1 and Im(km) of the corner stress sin-
gularities. In all subsequent computations we have kept E2 and m2 constant as E2 = 210000 MPa and m2 = 0.3
while we have investigated the asymptotic behaviour of the displacements and stresses at the rectangular free
bimaterial interface corner for the discrete values E1 = 2100 MPa, E1 = 50000 MPa, E1 = 75000 MPa,
E1 = 120 000 MPa, E1 = 160 000 MPa and E1 = 210000 MPa with a varying Poisson’s ratio m1 in the range
�1 6 m1 < 0.5. Furthermore, it will be an interesting aspect to compare the three-dimensional corner singular-
ities to those as they occur at the two converging free edges which eventually form the free corner. To begin
with, we have computed the orders of the stress singularities for the free-edge situation (c = 180�) and, instead
of using a three-dimensional BFEM model, we have conveniently employed a two-dimensional BFEM mesh
with line elements on a half segment of the unit circle at r = 1 (compare also Fig. 5) which is equivalent to the
two-dimensional BFEM model 5 with 32 3-noded line elements, 65 nodes and 130 degrees of freedom as
employed in Section 3.2.2. The results for the problem eigenvalues are given in Fig. 16. For each material com-
bination with involved stress singularities only one relevant eigenvalue occurrs, and all relevant eigenvalues are
found to be purely real and to be confined to an interval for the Poisson’s ratio m1 of approximately
0 < m1 < 0.5. It is obvious that with an increasing mismatch in the elastic properties of the adjacent layers
(i.e. a decreasing ratio E1/E2), the severity of the occurring stress singularities is amplified. As a consequence,
maximum absolute values jRe(km) � 1j are found in the case of E1 = 2100 MPa for higher positive values of m1,
while with increasing values for E1 the orders jRe(km) � 1j decrease. The value range of m1 in which stress sin-
gularities occur is also diminished with increasing E1: as an example, in the case of E1 = 160000 MPa stress
BFEM present
Müller et al. (2002)
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singularities are encountered only in the interval of about 0.23 < m1 < 0.47. Note that the BFEM results match
excellently with the analytical results of Müller et al. (2002). Further note that in the case of E1 = 210000 MPa
no stress singularities at all occur in the free-edge situation which is a remarkable and somewhat unexpected
outcome.

The resultant orders of the stress singularities in the situation of a rectangular free interface corner (c = 90�)
with adjacent isotropic layers for analogous material combinations as in the described free-edge case are
depicted in Fig. 17 for the symmetric deformation mode. Results for the unsymmetric deformation mode
are given in Fig. 18. Considering the symmetric deformation mode it is revealed that for Poisson’s ratios
m1 > 0, for each considered material combination for which stress singularities arise there always occurs only
one relevant purely real eigenvalue (Fig. 17). The overall shapes of the resultant curve plots are very similar to
those of the free-edge case (the results of which we have also included in Fig. 17), however it also becomes
clear that the free-corner singularities in all exhibit higher absolute real values jRe(km) � 1j for all considered
cases of material combinations. The value ranges for m1 in which stress singularities arise are larger than those
of the free-edge situation. This hints of a generally higher criticality of the free-corner case when compared to
the classical situation of the free-edge effect. Note that the minimum eigenvalue Re(km) � 1 = �0.4483 is
found for E1 = 2100 MPa and m1 = 0.49 which describes a corner stress singularity which nearly amounts
to the classical Griffith crack value of Re(km) � 1 = �0.5. Again, in the case of E1 = 210000 MPa no stress
singularities occur for positive values of m1. Note, however, that unlike in the free-edge case, stress singularities
are also encountered when considering negative values for the Poisson’s ratio m1. The occurring eigenvalues are
all found to be complex (i.e. Im(km) is nonvanishing, see Fig. 17) which leads to oscillating eigenmodes in the
vicinity of the singular point. The relevant eigenvalues are confined to an interval of about �1.00 6 m1 < �0.42
for E1 = 2100 MPa. The value ranges for m1 < 0 in which stress singularities arise actually decrease with
increasing E1 which also holds for the encountered absolute values of the real parts jRe(km) � 1j and the resul-
tant imaginary parts Im(km). Again, it is found that higher degrees of mismatches in the linear elastic material
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Fig. 17. Three-dimensional stress singularities at the tip of a rectangular interface corner of a laminate with isotropic layers with varying
modulus of elasticity E1 and Poisson’s ratio m1, symmetric mode.
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properties of the adjacent layers also lead to more significant stress singularities. Note that for the case of
E1 = 210 000 MPa there also occur some weak stress singularities in the interval of about
�1.00 6 m1 < �0.90. In the case of unsymmetric deformation modes, eigenvalues which lead to stress singular-
ities are found only for the case of E1 = 2100 MPa in the range of approximately �1.00 6 m1 < �0.84. The
encountered eigenvalues are all found to be real and to be of very low order which reflects a weak stress sin-
gularity. For all other considered material combinations no stress singularities occur for unsymmetric defor-
mation modes which again comes as an unexpected result.

3.4.3. 3D stress singularities at rectangular interface corners of laminates with monotropic layers

Beside the previously discussed cases of straight free edges and free rectangular corners at interfaces
between isotropic laminate layers, there is a special interest in the nature of the free-edge and free-corner stress
singularities when laminate interfaces of arbitrary non-orthotropic layups [h1/h2] are dealt with. Presently we
have assumed the following linear elastic orthotropic on-axis material properties for a laminate layer consist-
ing of typical fiber reinforced plastic (with x being the direction of the fiber reinforcements):
Table
Three-

BFEM
BFEM
BFEM
Exx ¼ 138000 MPa; Eyy ¼ 14 500 MPa; Ezz ¼ 14500 MPa;

Gxy ¼ 5860 MPa; Gxz ¼ 5860 MPa; Gyz ¼ 5860 MPa;

mxy ¼ 0:21; mxz ¼ 0:21; myz ¼ 0:21
The structural BFEM model is analogous to the one as depicted in Fig. 14. Note that in the present case of
interface layups [h1/h2] no symmetry line CS exists, hence no reduced BFEM models are applicable. In order to
gain some insight into the convergence behaviour of the BFEM in the case of a free laminate corner with in-
volved material orthotropy, we have conducted a brief convergence analysis for the two exemplary layups
[±45�] and [0�/90�] for a free corner with the opening angle c = 90� and used three different locally refined
BFEM meshes on the unit sphere section C at r = 1, namely BFEM mesh 1 (28 elements, 101 nodes, 303
dof), BFEM mesh 2 (112 elements, 369 nodes, 1107 dof) and BFEM mesh 3 (252 elements, 805 nodes,
2415 dof). In both layup cases, only one relevant and purely real eigenvalue was found. The occurring real
parts Re(km) � 1 of the eigenvalues for both layups are given in Table 10. It is found that all applied BFEM
meshes seem to deliver quite reasonable results wherein BFEM mesh 2 (see Fig. 19) seems to be an appropriate
compromise between the achievable accuracy of the results (which is three digits when compared to BFEM
mesh 3) and the computational effort that has to be spent. Hence, in all subsequent computations the eigen-
values which characterize the stress singularities at the interface corner points of the layups [h1/h2] have been
calculated by BFEM mesh 2 for the fixed material orientation angles h1 = 0�, h1 = 30�, h1 = 60� and h1 = 90�
of layer 1 with a variable material orientation angle h2 in layer 2 with �90� 6 h2 6 90� and a step size of
Dh2 6 5�. Note that the present full BFEM mesh 2 can be constructed from the halfmodel BFEM mesh 2
as it is was used in Section 3.4.2 by mirroring the halfmodel horizontally. Beside the situation of a free rect-
angular laminate corner with c = 90� we have also computed the orders of the stress singularities for straight
free laminate interface edges (c = 180�) with identical layups using an analogous BFEM mesh with the same
number of nodes and elements as for the free rectangular corner case (see Fig. 19). For all considered layup
cases [0�/h2], [30�/h2], [60�/h2] and [90�/h2] and both opening angles c = 90� and c = 180�, only one relevant
purely real eigenvalue leading to stress singularities occurred (see Fig. 20). As it was also found by other
authors in preceding investigations, it can generally be stated that free-edge singularities are of rather low or-
der when compared to classical problems in the framework of fracture mechanics like e.g. the Griffith crack in
an isotropic plate. As was to be expected, the eigenvalue distributions concerning the layups [0�/h2] and [90�/
h2] are symmetric with respect to the angle h2 = 0�. In the case of the [0�/h2]–layups, for all considered angles
10
dimensional stress singularities at the tip of free rectangular corners of laminates consisting of orthotropic layers

[±45�]-Interface [0�/90�]-Interface

model 1, 303 dof �0.0651 �0.0472
model 2, 1107 dof �0.0642 �0.0461
model 3, 2415 dof �0.0640 �0.0460



Fig. 19. Locally refined BFEM meshes for a free rectangular interface corner (c = 90�) and a straight free interface edge (c = 180�) of a
laminate consisting of orthotropic layers with arbitrary inplane material orientations.
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h2 the absolute values jRe(km) � 1j of the real parts of the eigenvalues which describe the stress singularities in
the vicinity of the rectangular corner interface are found to be significantly higher than those of the pure free-
edge situation. In the case of the free rectangular corner, the highest absolute value jRe(km) � 1j is found at
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h2 � ±70� which is a somewhat surprising result since by intuition one would probably expect the pure cross-
ply interface layup [0�/90�] to yield the most severe stress singularities, which is indeed the case in the free-edge
situation where the highest value jRe(km) � 1j is found at h2 = ±90�. For all further considered layups, with
increasing angles h1 the values h2 for which the maximum absolute values jRe(km) � 1j are determined also
increase: for the layups [30�/h2], [60�/h2], and [90�/h2] minimum eigenvalues are encountered for h2 = �45�,
h2 = �20�, and h2 = 0� in the corner free-corner situation, whereas for the pure free-edge case the minimum
real parts Re(km) � 1 are located at about h2 = �50�, h2 = �10�, and h2 = 0�. For interface layups with
h1 = h2 we naturally have Re(km) � 1 = 0, i.e. no stress singularities occur. Note that even though generally
speaking the orders of the free-corner singularities are usually more severe than those in the free-edge situa-
tion, for some layup cases in certain value ranges of h2, the orders of the occurring free-edge stress singularities
are even slightly more critical than those encountered at the free rectangular interface corner with identical
layup. This comes as a somewhat surprising result since from intuition it should be expected that the situation
of a free rectangular corner always yields the higher criticality: in this situation two straight free edges merge
into a free interface corner with the accompanying free-corner stress concentrations. Note, however, that in
these cases the absolute values jRe(km) � 1j of the orders of the occurring free-edge singularities are only
slightly higher than those of the corresponding free-corner singularities.

As a closure, let us shortly discuss the displacement eigenmodes for the two exemplary layups [0�/90�]
(Fig. 21) and [±45�] (Fig. 22) corresponding to those eigenvalues Re(km) � 1 which cause corner stress singu-
larities. In the case of the cross-ply interface corner [0�/90�] it is observed that the displacement eigenmode
corresponding to the eigenvalue Re(km) � 1 = �0.0461 is symmetric with respect to the xz-plane. For the dis-
placements we have ux(x,y,z) = ux(x,�y,z), uy(x,y,z) = �uy(x,�y,z) and uz(x,y,z) = uz(x,�y,z), as was to be
Fig. 21. Displacement eigenmode for a free rectangular interface corner of a laminate with the interface layup [0�/90�] corresponding to
the eigenvalue Re(km) � 1 = �0.0461.

Fig. 22. Displacement eigenmode for a free rectangular interface corner of a laminate with the interface layup [±45�] corresponding to the
eigenvalue Re(km) � 1 = �0.0642.
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expected for this pure cross-ply interface layup. The displacements in the x-direction are found to exhibit lay-
erwise opposing trends: while in the 0�-layer negative displacements ux occur, positive displacements are found
in the 90�-layer. This deformation mode is clearly a result of the severe mismatch of the elastic properties of
the two adjacent plies and as a consequence will lead to inplane normal stresses rxx in order to balance the
differing contraction behaviour of the 0�-ply and the 90�-layer. Furthermore, the present deformation mode
is the cause of significant shear strains cxz and thus, due to Hooke’s generalized law (15), also of interlaminar
shear stresses rxz. Furthermore, due to the occurrence of interlaminar shear stresses rxz the interlaminar nor-
mal stress rzz, which is actually dominated by the computed stress singularity in the vicinity of the free corner,
must arise as well which clearly proves the possible criticality of the present free cross-ply laminate corner sit-
uation with respect to interlaminar failure like e.g. delamination fracture. The deformation eigenmode for the
angle-ply corner [±45�] corresponding to the eigenvalue Re(km) � 1 = �0.0642 exhibits a point symmetry with
respect to the x-axis: while for ux the relation ux(x,y,z) = ux(x,�y,�z) holds, for uy and uz we may state
uy(x,y,z) = �uy(x,�y,�z) and uz(x,y,z) = �uz(x,�y,�z). Due to the differing inplane shear properties of
the adjacent +45� and �45�-layer, significant inplane shear strains cxy as well as transverse shear strains cyz

occur, which is also a well established experience when considering stress concentrations at straight free edges
in angle-ply laminates. This strain state is responsible for the emergence of inplane shear stresses rxy and fur-
thermore singular interlaminar shear stresses ryz so that the presently considered angle-ply layup [±45�] may
also be marked as a possibly endangered corner situation which may be prone to corresponding interlaminar
failure modes.

3.4.4. 3D stress singularities at interface corners of angle-ply laminates with arbitrary corner opening angles

Beside the investigation of rectangular free corners it is of bacis interest to gain an insight into the asymp-
totic behaviour of the state variables in the vicinity of free laminate corners with arbitrary opening angles in
the range of 0� < c 6 360� (see Fig. 14). This situation includes the above discussed situations of free rectan-
gular corners and straight free edges as special cases. As long as the corner opening angle is limited to the
interval 0� < c 6 180�, the meshing strategy remains the same as described in Section 3.4.3: a BFEM mesh
on the unit sphere section C at r = 1 with 112 8-noded elements, 369 nodes, and 1107 degrees of freedom
and a variable angle C is applied, wherein local mesh refinements are again employed around the two points
r = 1, u1 = 90�, u2 = 0 and r = 1, u1 = 90�, u2 = c where the two free interface edges intersect with the BFEM
surface mesh. The situation changes significantly, however, when the corner opening angle exceeds c = 180�,
since in this geometric situation the interface corner transforms into a layered notch. This situation involves
further stress singularities due to the geometric discontinuity introduced by the structural line at x = y = 0
along the z-axis which indeed is the vertex of a three-dimensional layered notch. Hence, for angles c > 180�
we have applied further mesh refinements in the vicinity of the two points x = y = 0, z = 1 and x = y = 0,
z = �1 where the notch vertex intersects with the BFEM mesh in order to adequately capture additional
singular influences which of course means a higher computational effort for such corner geometries. Conse-
quently, for all angles c > 180� the BFEM mesh on the unit sphere section C at r = 1 consists of 280 8-noded
surface elements with 905 nodes and 2715 degrees of freedom in all (see Fig. 23 where as an example the
Fig. 23. Locally refined BFEM mesh for a free interface corner with the opening angle c = 270� of a laminate consisting of orthotropic
layers with arbitrary inplane material orientations.
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BFEM mesh for c = 270� is given) which has again proven to be a reasonable compromise between the achiev-
able accuracy of the results and the needed computational expenses.

As a first step let us investigate the quality of the present BFEM results when compared to the results of e.g.
Dimitrov et al. (2002) who have presented numerical results for the orders of the stress singularities at the tip
of laminate corners with variable opening angles. Results for the angle-ply interface layup [±45�] are given in
Fig. 24, and evidently, an excellent agreement between the results of Dimitrov et al. (2002) and the present
BFEM computations is found, lending credibility to our computations. In the interval 0� < c 6 180� there
occurs only one relevant purely real eigenvalue which is of weak order in comparison to e.g. the classical
r�

1
2-crack tip singularity. For corner opening angles c > 180�, two additional relevant eigenvalues emerge

which increase in strength for higher angles C. At approximately c = 270� a fourth relevant eigenvalue
arises, and a maximum absolute value jRe(km) � 1j is encountered at about c = 330� which is even slightly
above the classical r�

1
2-crack tip singularity. For c = 360� (which corresponds to a three-dimensional crack

through the thickness of the laminated plate) triple eigenvalues occur which describe the classical r�
1
2-crack

tip singularity.
As a further parameter study we have investigated the orders of the stress singularities at free interface cor-

ners with the angle-ply layups [±h] and with arbitrary corner angles 0� < c 6 360�, wherein we have considered
the material orientation angles h = 15�, h = 30�, h = 45�, h = 60�, and h = 75�. The qualitative behaviour of
the resultant eigenvalues with varying corner opening angles is similar to the case of the interface layup
[±45�] as described above. In all cases there occurs one weak eigenvalue (denoted as Re(km) � 1 = k1, see
Fig. 25, upper left portion) which emerges for all considered corner angles C except in the case of the
[±75�]-layup, where seemingly for corner angles of approximately c < 70� no stress singularities occur, which
is a remarkable and somewhat unexpected result. An overall minimum value of k1 is found for the [±30�]-
interface at about c = 54�. Furthermore, for all considered layups another eigenvalue Re(km) � 1 = k2 emerges
at c = 180� (see Fig. 25, upper right portion) which rises monotonously with increasing corner angle C, until at
c = 360� the classical crack tip stress singularity r�

1
2 occurs. It is a remarkable outcome that k2 is the same for

all considered layups (which was also found by Dimitrov et al., 2002), so that this eigenvalue can be inter-
preted as a characteristic quantity which is governed by the geometry of the structure rather than by the inter-
face layup. A third eigenvalue Re(km) � 1 = k3, which also arises for corner opening angles c > 180� (see
Fig. 25, lower left portion), shows a steeper slope than the eigenvalue k2 and becomes more pronounced
for higher degrees of mismatch of the inplane shear properties of the adjacent layers, i.e. for higher material
orientation angles h. For certain value ranges of C, the occurring eigenvalues k3 again even slightly exceed the
classical crack tip stress singularity r�

1
2, until at c = 360� the eigenvalue Re(km) � 1 = �0.5 again is approxi-

mately attained for all layup cases. A fourth eigenvalue Re(km) � 1 = k4 emerges at higher angles C which,
depending on the laminate layup, are found in the range of about 240� < c < 290� (see Fig. 25, lower right
portion). The corner angle C at which k4 emerges becomes smaller for higher material orientation angles h
of the angle-ply layups so that it can be concluded that this eigenvalue is distinctly governed by the layer ori-
entations of the considered laminate layups.

It is of basic interest to discuss the displacement eigenmodes corresponding to those eigenvalues which
cause singular stresses in the vicinity of the singularity center. As an important example let us investigate
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Fig. 24. Three-dimensional stress singularities at a [±45�]-interface at the tip of a free laminate corner with arbitrary opening angle c.
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Fig. 25. Three-dimensional stress singularities at [±h]-interfaces at the tip of free laminate corners with arbitrary opening angles c,
eigenvalues k1 (upper left portion), k2 (upper right portion), k3 (lower left portion) and k4 (lower right portion).
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the deformation modes associated with the dominating eigenvalues k2, k3 and k4 as they are occurring at a free
laminate corner with the opening angle c = 270� and the angle-ply interface layup [±45�]. The corresponding
eigenmodes for the eigenvalues k2 = �0.3331 (denoted as eigenmode 2), k3 = �0.4559 (eigenmode 3) and
k4 = �0.1188 (eigenmode 4) are depicted in Fig. 26. It is a somewhat astonishing result that eigenmode 2 is
a purely transverse displacement mode (similar to the classical mode III), i.e. only significant out-of-plane dis-
placements uz occur which explains why the eigenvalue k2 is the same for all considered angle-ply layups [±h]:
note that such a displacement mode is only governed by the geometry of the laminate corner rather than by the
inplane variation of the layerwise fiber orientations in the xy-plane. This is in accord with the conclusions
drawn in Dimitrov et al. (2002). Hence, it can be concluded that the eigenvalue k2 and the corresponding
eigenmode 2 will always be the same for any arbitrary non-orthotropic layup [h1/h2] of the same layer material.
The displacement eigenmode 3 exhibits a point symmetry with respect to the x-axis, i.e. we have the relations
ux(x,y,z) = ux(x,�y,�z) as well as uy(x,y,z) = �uy(x,�y,�z) and uz(x,y,z) = �uz(x,�y,�z). Beside trans-
verse corner opening displacements (corresponding to the classical out-of-plane mode III), inplane deforma-
tions corresponding to the classical deformation mode I which cause an opening of the corner geometry in the
xy-plane can also be observed. The remaining displacement eigenmode 4 is found to exhibit the symmetry
properties ux(x,y,z) = �ux(x,�y,�z) as well as uy(x,y,z) = uy(x,�y,�z) and uz(x,y,z) = uz(x,�y,�z) and
shows characteristics which can be described as a combination of the three classical displacement modes I,
II and III: beside a pure corner opening displacement mode (which is similar to the classical mode I) and a
pure out-of-plane mode (corresponding to the classical mode III) especially an inplane shearing mode is
observed which can be associated with the classical deformation mode II and which is clearly dominating
the present displacement eigenmode.

In all, the discussion of the eigenvalues and eigenfunctions which characterize the asymptotic behaviour of
the state variables in the vicinity of three-dimensional laminate interface corners reveals that such structural
situations pose a challenging and possibly critical problem class in the design and engineering of layered struc-
tural elements. It should be noted that there is still a significant backlog in the scientific effort for the under-
standing of such three-dimensional problems in laminate elasticity, especially when compared to the
overwhelming number of publications on simple free-edge effects in laminated strips or other quasi two-dimen-
sional laminate problems.



Fig. 26. Displacement eigenmodes for a free interface corner with the opening angle c = 270� of a laminate with the interface layup [±45�]
corresponding to the eigenvalues k2, k3 and k4.
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4. Summary and conclusions

We have presented numerous results for the orders and modes of stress singularities in the framework of the
theory of linear elasticity for several two-dimensional and three-dimensional singular problems like the near
fields at the vertices of notches and cracks in homogeneous isotropic halfspaces as well as examples in the
framework of laminate elasticity like free-edge effects and free-corner effects in layered plates which are also
known to yield significant stress singularities. The computations were performed by the Boundary Finite Ele-
ment Method (BFEM) which in essence is a semi-analytical fundamental-solution-less boundary element
method solely relying on standard finite element formulations. After a throrough literature review on the his-
torical developments in the field of free-edge effects and the application of the BFEM to several problem fields,
the theoretical background of the BFEM has been outlined in a concise manner. The application of the BFEM
to the engineering problem fields described above has been the focal point of the present contribution. Reca-
pitulating, we may state the following essential conclusions:

• The BFEM is a valuable tool for the analysis of elasticity problems, especially in the presence of stress sin-
gularities where standard displacement based finite element methods are known to require huge computa-
tional effort and sometimes to even produce questionable results.

• An excellent conformity of the present BFEM results with the results of well-known two-dimensional and
three-dimensional benchmark examples has been found, which lends credibility to the BFEM computa-
tions. The BFEM has also proven to be advantageous for the computation of the orders and modes of
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stress singularities at free laminate edges and, as a more sophisticated and superordinated problem, also at
free laminate corners with arbitrary corner opening angles.

• The results for rectangular corners of laminate interfaces between two dissimilar isotropic layers reveal that
in such situations significant stress singularities may occur, which decisively depend on the degree of mis-
match between the elastic material properties of the adjacent layers.

• The orders of the stress singularities at free rectangular interface corners of laminates consisting of ortho-
tropic layers of e.g. fiber reinforced plastics generally are higher than those occurring at straight free edges
of the same layup. However, when compared to classical problems like the stress singularities at the vertices
of cracks or also to the results at laminate corners with highly different adjacent isotropic layers, the corner
stress singularities in laminates of orthotropic layers are found to be of rather weak order. Nevertheless,
free laminate corners pose a problem with involved stress singularities which should also be taken into
account in the design and analysis of layered plates like it has long been recognized for free-edge effects.

• At interface corners with opening angles of more than 180�, the corner situation transforms into a layered
three-dimensional notch so that in addition to the stress singularities which are induced by the presence of
the laminate interface corner there also occur stress singularities due to the effect of the three-dimensional
notch geometry. The resultant orders of the stress singularities are characterized by several simultaneous
real eigenvalues which in general are very pronounced in comparison with free-corner effects at interface
corners with opening angles of less than 180�. In some cases the classical crack tip stress singularity r�

1
2

is even slightly exceeded, revealing the probable criticality of such structures.
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